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1. Introduction 



There has been extensive work on Einstein- Yang-Mills (EYM) cosmological models in the 
last decade. This work was partly motivated by the successes of inflationary models driven 
by scalar fields in solving flatness and (to large extent) horizon problems in cosmology. The 
interest in inflationary models driven by fields other than scalar fields is a consequence of less 
attractive features of the former [|1|. Mini-superspace EYM cosmology is a natural extension 
of a non-perturbative treatment of self-gravitating scalar fields. It has been realized that 
despite a large phase space associated with seemingly redundant extra gauge degrees of 
freedom, there already exists a systematic mathematical method (based on Wang's theorem 
PI) for the construction of invariant connections over homogeneous spaces in the same spirit 
as that of Kaluza-Klein theories. As will be seen in section ^, such invariant connections 
are related to the representation theory of compact Lie algebras. For some of the most 
easily constructed cases of SO{n)-YM fields the solutions were obtained on closed Friedman- 
Robert son- Walker (FRW) cosmologies 0,10], 0. SU (2)-YM fields on open FRW cosmologies 
have also been of some interest In this particular representation there is one degree 

of freedom associated with the YM fields. 

Conformal invariance of YM field equations (due to the fact that they are zero-rest-mass 
fields) results for the homogeneous and isotropic case in a decoupling of the gravitational 
and YM degrees of freedom. The energy momentum tensor is that of a radiation perfect 
fluid and the geometry is that of a Tolman universe. 

Despite the fact that it is known that the construction of invariant YM connections could be 
generalized — at least in principle — to other compact gauge groups and cosmological models 
with compact and non-compact spatial sections, a systematic attempt to study models based 
on more complicated representations in FRW and anisotropic homogeneous cosmologies has 
not been conducted. 

In the present article we derive the EYM equations for S't/(n)-FRW and SU{n) locally 
rotationally symmetric (LRS) cosmologies. 

Section ^ is an exposition of a general but rather explicit construction of the Riemann and 
YM curvatures based on the theory of connections invariant under symmetry groups that act 
transitively on the base manifold. It turns out that the resulting purely algebraic Yang-Mills 
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equations do not require any explicit choice of gauge. Such space-time homogeneous models 
are not considered to be realistic physically and we make no attempt in this paper to find 
any exact solutions. 

In section |^ we derive the EYM equations for spatially homogeneous cosmological models. 
The result is a system of ordinary differential equations where again the YM gauge needs 
to be fixed only mildly, for example, by setting the temporal component of the potential to 
zero. The spatially homogeneous and isotropic models are discussed in section |. Although 
the space-time geometry is completely determined independently of the YM fields, the latter 
satisfy in general some complicated coupled system of evolution equations. We derive here a 
few general facts for arbitrary gauge groups and some more explicit equations corresponding 
to different possible YM fields for the gauge groups SU{n) and SO{n). 

Finally, in section ^ we consider, in a unified way, all LRS cosmological models with a SU{n) 
Yang- Mills source. In such models, after solving for the constraints, there are 2{n — l) degrees 
of freedom associated with the YM fields. Here we just concentrate on what we consider 
the simplest YM-connections that contain a 'magnetic' part and derive the full evolution 
equations of the EYM-system. An analysis of the solutions of this quite complicated system 
is beyond the scope of this paper. Even the system for homogeneous YM fields in two- 
dimensional fiat space is known to be non-integrable. A dynamical system analysis of LRS 
Bianchi I models with SU {2)-YM fields was given in Ref. [If. 

2. Einstein- Yang-Mills equations on homogeneous space-time 

Following the conventions of Ref. we let (M, g) be a connected pseudo-Riemannian 
manifold with its Levi-Civita connection, and K its isometry group. Its (left) action, 

i) : K X M ^ M : {a,x) ^ i)aX (1) 

is transitive and effective on M. Fixing a point G M (to be called the origin) the isotropy 
subgroup Kq of K is defined by 

Kq\= {aeK\ tpaXo = xo} (2) 

and all isotropy subgroups for different points of M are conjugate. The manifold M is 
diffeomorphic to the set of left cosets of K with respect to Kq, M = K/Kq, and there 
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is a one-to-one correspondence between i^-invariant pseudo-Riemannian metrics on M and 

o 

adi^fg-invariant non-degenerate symmetric bilinear forms 9 on the quotient space 6/60 of the 
corresponding Lie algebras. 

We wish to describe Yang-Mills connections that have as many symmetries as the metric of 
space-time and therefore assume that the full isometry group also acts by principal bundle 
automorphisms 

i>:K X P (3) 

on the principal bundle P that project onto isometrics on M thus satisfying 

71 o ip = ip o 71 and ipa ° Rg = Rg ° i^a "^aEKWgEG (4) 

where vr is the projection, G the structure (gauge) group, and R the right action of P. If the 
gauge potential is invariant under this action, i.e. if the connection form on P is invariant, 
ip*uj = Co for all a & K, then so is the curvature form Q, = Q. It follows that 

£^cu = and Cj^n = V X G 6. (5) 

where X is the infinitesimal generator of the action ip on P corresponding to X G 6. 

Now it is known (see, for example, Ref. |T0|) that equivalence classes of such ■^/'-invariant 
principal bundles P over M are in one-to-one correspondence with conjugacy classes of 
homomorphisms A : Kq —>■ G. Here A and ip are related by 

ipaiuo) = R\{a)Uo ^ a E Kq (6) 

where uq is any fixed element of 7r"^(a;o). 

Moreover, Wang's theorem (Ref. p|,also see Ref. 0) states that (for fixed A) the set of 
^/'-invariant connections on P is in one-to-one correspondence with the set of linear maps 
A : 6 ^ g that satisfy 

A(X) = A(X) (XG^o), 
Aoadk = adx(k) o A (A; G i^o) 
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(where A now also denotes the induced Lie algebra homomorphism) , and the invariant con- 
nection and curvature on P are then given by 



<X,cD> = A(X) {XeVj, (8) 

<XhY/n> = [A(x),A(r)] - A([x,r]) {x,y ei). (9) 

The symbol = indicates that these equations only hold at the fixed point Uq G P. The second 
equation of (|^) becomes infinitesimally 

A([X,F]) = [A(X),A(F)] VXeeo.VFGt (10) 

For practical calculations we need to introduce a basis {e^lo; = 1 . . . m} of the Lie algebra 
such that the corresponding generators {ea|a = 1 . . .n} span the tangent space T^qM at xq 
while the {er|r = n + 1 . . . m} span the Lie subalgebra ^o- Thus, if the structure constants 
c^^ are introduced by 

[e«,e^] = c^^eA, (11) 

then 

c?A = 0. (12) 

The infinitesimal generators on M corresponding to 6^ form a frame field in a neighbor- 
hood of Xo, but this will, in general, only be global on M if M admits a simply transitive 
isometry subgroup and is thus a group manifold. Let {^"} be the local 1-form field dual to 

A pseudo-Riemannian metric g on M can now be written in the form 

g = gj^ ® e\ (13) 

o 

where the components 9ab'-= gabi^o) satisfy 

9r(a cl^r = 0, (14) 
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because of the ad/^p-invariance. The coefficients of the Levi-Civita connection and the cur- 
vature tensor with respect to this frame at Xq are then given by 



= -lcl + 9'''<0c)s (15) 

R'^bcd = ^rc^bd ~ ^rd^bc ~ '^cd^br + ^bscfrf- (16) 

From here on the symbol = denotes equahty at xq only. Note that neither the components 
of g, r, nor R are constant on M, in general. 

Equation ( plSf ) is easily derived from the equation C^^g = stating that the are infinites- 
imal isometrics, and that assumptions that the linear connection is metric and symmetric. 



Equation (16) is obtained most conveniently from Wang's theorem applied to the bundle of 
pseudo-orthogonal frames over M. Here, however, the principal bundle and the connection 
on it are already fixed as well as the action of K on the bundle, which is the natural lift of 
the action on M. Thus (§) fixes the Wang map together with the requirement of zero torsion 
and (^ then leads to ( |l6l) (cf. Ref. Ch. X). In a systematic study of EYM-systems from 



a Kaluza-Klein perspective in Ref. ||TT|, the Riemann tensor for metrics on homogeneous 



spaces is also calculated in a very explicit form in terms of the structure constants of the 
symmetry group by another method which leads to a different but equivalent expression. 

The gauge fields being invariant under a transitive symmetry group are also determined by 
their values at just one point of M which we take to be the origin xq. Their derivatives that 
occur in the Yang-Mills equations can be computed using again Wang's theorem so that the 
field equations are reduced to a purely algebraic form. Let a be a local section of P, thus 
satisfying vr o a = id^/, and introduce the local gauge potential A and the gauge field F by 

A = a*Co, F = a*n. (17) 

Then we have the following lemma: 

Lemma 1. Under the above assumptions the Lie derivative of the gauge curvature F at 
Xq G M can be written in the form 

CxF=[AiX),F]-[<X,A>,F]. (18) 
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Proof. Since X = vr^, o a^X = vr^^X the vector field X = cr*X — X is vertical on P. Now 
CxF = Cxa*Q = a*C„^x^ = cr*(£^^^fi) = a*Cj^Q in view of (||). But 

C^n = L^dVl + dL^Vl = -Lx[uJ A^l] = -[<X,uj>,n] + [uj A Lx^l] = -[<X,oo>,n] (19) 

in view of the Bianchi identities, dQ + [uj A Q] = 0, and the fact that tz^ = for any 
vertical vector field Z. Pulling back (|1|) to M by a, C^F = cr*£^f] = -a*[<X ,Lj>,n] = 
-[cr*<X,tI;>,F]. But a*<X,uj> = a*L„^x'^ - a*<X,Cu> = (T*tl' - o-*<X, cj> = - 
A(X)by(i. □ 

We choose now for the vector field X the local space-time frame vectors and let 

A = AbO^ F = \Fai,e^ A e\ (20) 

Then, introducing the (space-time) covariant derivatives Fah/c = {'Ce^F)ab + 2-Fr[arjJj^, to- 
gether with (p!8D, we have 

Fab/c = [Ac — Ac, Fab] + 2F,.[arjJ]^, (21) 

where Ac := A(ec). 

Since the gauge-covariant derivative of F is defined by 

F>aFj3^ = VaFpy + [Aa, FjS^], (22) 

we now find, interestingly, that the Yang-Mills equations, D^Fxa = can be written in these 
frame components without involving the gauge potentials, 

[A^ + TlF/ + Fa^Ti^g^' = 0. (23) 

In view of (P), the frame components Fab of the Yang- Mills field are given by 

Fab = [Aa, Ab] - clbK - c^X^. (24) 

Einstein's equations are also easily formulated in these frame components, 

Rab = KTab, (25) 
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where k = 8tt (Newton's constant), the velocity of hght is set to unity, 

Tab = Xab — Xab '■= <Far, Ff^^>, (26) 

and <, > represents a bi-invariant scalar product on the gauge group Lie algebra g. The 
stress energy tensor Tab has zero trace, and the Ricci tensor components are obtained from 

m- 

All these equations hold only at the origin xq G M and they form a complicated algebraic 
system. For a given isometry group K of space-time and a chosen basis of 6 the structure 
constants can be considered fixed. The homomorphism A can be chosen arbitrarily and then 
fixed. Possible choices are found by considering the subgroups of the gauge group G onto 
which there are homomorphisms from the isotropy group Kq, in particular, imbeddings of Kq 
in G. This classification is discussed (for semisimple Kq and semisimple G) in Ref. [ll2|,Ref. 
I3| . After the choice of a particular homomorphism, equations (|^) or, infinitesimally, (p!0|). 



I.e. 



[A„Ar] + c^rAr = -CrAs, (27) 

must be solved for A that is then substituted into (|23|), (pif) and into Einstein's equations 
PI). 



In the (most important) case of a reductive homogeneous space c^p = and (|27| ) is a 
homogeneous linear system. Then A can also be regarded as an intertwining operator between 
two linear representations of the isotropy group Kq in the following way. We have t = ioQvn. 
as a vector space and the map A in (^ is fully determined by the linear map A : m ^ that 
satisfies 

Ao0 = V^oA, (28) 

where (j) : Kq x m ^ m : (a, X) i— > ad^X and ip '■ KqX^ ^ g : (a, Z) a.dx(^a)Z. Then A is an 
intertwining operator between these representations of Kq, namely the adjoint representation 
(/) on m and the representation ip on q 

Also, the gab are arbitrary, subject to ([T^) . But not all choices need lead to nonisometric 
space-times. One can reduce the number of free parameters by bringing gab into a canon- 
ical form using basis transformations by automorphisms of K that leave the subgroup Kq 
invariant. 
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3. EYM equations in spatially homogeneous cosmological models 

Let (M, g) now be an n + 1- dimensional space-time manifold with an isometry group K 
whose orbits are n-dimensional space-like hypersurfaces so that M = S x R with K acting 
transitively on S and Kq the isotropy subgroup at xq G S. We choose to describe the metric 
by a coordinate time t and a frame field {e^} of Killing vector fields on S, 

g = -dt®dt + QabO'' ® e\ (29) 

Assume also that the ep {T = n + 1 . . .m) vanish at a fixed point xq G S. It then follows 
that the Ef-coordinate components of the frame vectors do not depend on the time t, so 
that 

[<9t,eJ=0| Va = l...m. (30) 

The connection and curvature components with respect to the local space-time frame field 
{eo = dti e^} can then be calculated in the standard fashion. If 

Kab = \9ab (31) 

is the extrinsic curvature of the hypersurfaces and a dot denotes the time derivative, we have 
for the Ricci tensor components 

i?oo = -g''krs + KlK'^, (32) 
i?06 = Kiel + Kiel, (33) 
Rab = kab + KlKab-2K,rKl + Rab. (34) 

Here R is the Ricci tensor on S and is given, according to ([1^), by 

E ^ S 

Rab = ^ab^rs ~ ^sb^ar ~ ^ar'^sb + ^aT.'^rb- (35) 

The gab and Kab depend on t, the c^^ are constant (on {xq} x M) and the F^^ are still given 
by (0). 

The calculation of the Yang-Mills equations for a gauge connection invariant under a sym- 
metry group with orbits on surfaces of constant t is analogous to the one on spherically 
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symmetric static space-times and is done as first outlined in Ref. |]TD|| (see also Ref. [T^|). 
Locally one can introduce a gauge potential A = A^dt + A where A is the potential of a 
(i-dependent) invariant connection on S and Aq is a g- valued scalar, invariant under Ad^Ko)- 
In practice (unless there are incompatible boundary conditions in the time evolution) Ao can 
be gauged away. This is because a time-dependent gauge transformation to achieve such a 
result needs to satisfy an ordinary differential equation on the gauge group that can always 
be solved, at least locally in t. 

In terms of the space-time co-frame {9^ = dt, i9"} we now write for the Yang-Mills field 

F = Eadt A r + iBabO"- A ^^ (36) 
Then the Lie derivative of F in the time direction is 

C9,F = Eadt A r + \Bab9^ A 9' (37) 



and those along S are still given by ([Iq) . Just as in section y we can then compute the frame 
components of the covariant derivatives and find 

Fab/c = [Ac — Ac, Bab] + '^Br[aT^c + '^EyaKb]ci (38) 

F^b/c = [^c-Ac,Eb]-EXbc + BbrK, (39) 

Fab/0 = Bab + 2BrlaKl^, (40) 

Fob/0 = Eb-ErKl. (41) 

The Yang-Mills equations thus become 

[E^,Ar]-c;,E^ = 0, (42) 

Ea + [Ao, Ea] + KEa ~ 27^^^, - [Bar, AT + B^d^., - Igarc'B^" = 0, (43) 



where 



Bab = [A„A,]-<A-cf,As, (44) 
Ea = dtK + [A,,K] (45) 



and we may choose the gauge such that = 0. 
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For the stress-energy tensor components we find (if we now restrict to n = 3) 

Too = \{E^ + B^), (46) 
To, = e:'<Er,Bs>, (47) 
Tab = -<Ea,Eb>-<Ba,Bb> + l{E' + B^)gab (48) 

wliere Ba := \eJ^Brs, E'^ := <Er,E'''>, and B'^ := <Br,B^'>. Einstein's equations (|25| ) can 
now be brouglit into tlie form 

R+{K;f - K^'Krs = k{E^ + B^), (49) 
K:cI + K:cI = KeJ^<Er,B,>, (50) 

kat-2KarKl + K;,Kab + Rab = ^Ta^. (51) 

If we choose the gauge such that Ao = then, after a basis of the symmetry Lie algebra 
t and the homomorphism A : Kq —>■ G are chosen and a point Xo G S is fixed, we have 
as dynamical variables the functions Qabit), subject to (P^, and the g- valued functions 
Aa(t), subject to (0). Equations ( ^9]) and (|50| ) can be considered the Hamiltonian and 
the momentum constraints, respectively. They restrict somewhat the choice of initial values 
for an initial time but will afterwards be preserved by the time evolution. This follows as a 
special case from the general analysis of the Cauchy problem in EYM theory. 

Only a time-independent basis transformation in 6 by automorphisms leaving to invariant 
can now be used to possibly eliminate some variables. The algebraic problem of finding the 
possible homomorphisms A and solving for A is similar to the one mentioned in section ^ 
but a little simpler. The isotropy group Kq is now a subgroup of S0{3) and thus compact 
so that the homogeneous space is reductive. Moreover, on the three-dimensional space-like 
space sections the isotropy group can only be either 5*0(3) or U{1) (or trivial). We will 
consider in the following sections some of these cases that can be handled without recourse 
to the more advanced techniques of the theory of Lie algebra representations. 

4. Isotropic cosmological models 

The isotropy subgroup Kq of a space-time transitive isometry group must be a subgroup 
of the Lorentz group and a classification of all homomorphisms of such a subgroup into 
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any compact gauge group G is a nontrivial algebraic problem. For a cosmological model 
with three-dimensional homogeneous space sections the situation is much simpler, since Kq 
must be a subgroup of 50(3) which leaves only 5*0(3), U{1) or the trivial subgroup. In 
this section we consider the "physically isotropic" models where Kq is 50(3). There are 
still many possible conjugacy classes of homomorphisms A and a complete classification for 
arbitrary compact groups G may not be known. We will here mainly consider the case when 
G is either SU (n) or a real orthogonal group. 

When 50(3) is the isotropy group of an isometric action on the three-dimensional manifold 

3 

S the (S,fi') must be of constant curvature k and its isometry group K is 50(4), E{3) or 
50(3, 1), respectively, depending on whether k is positive, zero or negative. The Lie algebra 
has a basis {cj, /j} (i = 1 . . . 3) with commutators 

[ei,ej] = ke^/'fr, (52) 

[Sj, fj] = ^ij (53) 

= e,;/., (54) 

where the ji span the Lie algebra of the isotropy group. We can choose k to be ±1 or and 
the ej in this section now refers to the Euclidean metric in M^. 

The geometry of these isotropic models is then already determined, namely the one of the well 
known Friedman- Robertson- Walker space-times. We have in the terminology of section |^ 

E 

9ah = a{t)Sab, Kab = ^CiSab, Rab = 2k5ab (55) 

where the bar was dropped and {6**} is the co-frame dual to {cj}. In terms of the conformal 
time T the metric is 

g = R{T f{-dT^ + dabO" ® 9') (56) 

so that a = and cf) = dip / dt = R~^d(f)/dT = for any function 0. The stress tensor, being 
isotropic, is of the form 

Tab = P9ab (57) 
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where p is the pressure and, since the source will be a zero-rest-mass Yang-Mills field, the 
mass-energy density is = 3p. Einstein's equations are now equivalent to 

a = —2k and Kp = ^a~'^a? + ka (58) 

or, in terms of the conformal time, 

B!' + kR = and up = R'^B!'^ + kR''^ = (const. (59) 

The complete time evolution of the geometry and thus the stress-energy tensor is therefore 
easily obtained explicitly. It remains to formulate the equations for the Yang-Mills field. 

If we use again the notation Aj = A(ej) and now Aj = A(/j) then equations (pTf ) become 



[A„A,] = e,/A,. (60) 



They represent a system of linear equations for the Aj once the Aj, i.e. the homomorphism 
is chosen. We have from (^^ and (^) 



Ei = Ai = R-^A'- and Bi = R-^ (^eri^r, A.] - kXi) (61) 

for the Yang-Mills fields (where the indices on A and A are raised and lowered with respect 
to 6ij) so that 

= R-^S'^'<A[.,A'^> (62) 
= \R-^ (<[A„ A,], [A^ A^]> - 4fc<A„ A"> + 2k'^<K, X'>) (63) 



The YM field equations become 



A-_2A;A,-[[A„A,],A'-] = (64) 
[A:„AT=0. (65) 



From (PPD, ( |5DD and (0) we have, moreover. 



e,'^VA„A> = (66) 
<Ei,Ej> + <Bi,Bj> = 2pgij . (67) 
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To derive these expressions we have used, whenever convenient, (pDj ) as well as the invariance 
of the inner product <, > on g. 

We can go a little further before we need to specify the gauge group G, but the spe- 
cific structure of the isotropy group and its action on S incorporated in equations (^) 
are essential. Equations (|60D are a system of linear equations for the (g- valued) Aj. Let 
{Af- , K = 0, . . . , r — 1} be a basis of the solution space where A^ = Aj since Aj is always a 
solution and is nonzero except if A is the trivial homomorphism. 

Lemma 2. The basis vectors {Af , K = 0, . . . , r — 1} of the solution space of Wang's con- 
ditions ( |60D satisfy the following relations 

er[Af,Af]=7rAf (68) 
[Af,Af] = ie/7f"Af (69) 
Im"^ = IM (70) 

<Af,A^^> = with a^^ = a^^ (72) 

7^^a^^ = a^^^l*^ (73) 
70^ = 25f and = (74) 

Proof To prove (^) let Lj and Mj be solutions of (|60D and Ni = e{^[Lr, Mg]. Then we can 
show that [Aj, Nj] = e^j^Nr by a simple calculation using the Jacobi identity and the identities 
satisfied by the Levi-Civita symbol eijk- Thus Ni is also a solution of (0). (However, the 
full solution space need not be a Lie subalgebra of g, in general.) 

Equations (^Up and ( |7H ) follow immediately from the antisymmetry of the Lie bracket and 
( [70| ) is a consequence of either ( |68D or (p9|). 

To prove (^) we let a,^^ := <Af , Aj^> and use ( |60D and the invariance of the scalar product 

<,>, 

e,/af,^ = <6,/Af,A^> = <[A„Af],A^> = -<Af,[A„A^]> 
from which the result easily follows. 

Finally, ( [73| ) follows directly from the invariance of the scalar product and ( |7iD is an imme- 
diate consequence of ( |60D since A° = Aj. □ 
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The only time-dependent quantities are now the amphtudes $E-(r) which satisfy the Yang- 
Mills equations in the form 



= 0, 



0. 



(75) 
(76) 



Here (L^^), defined in (71), is an array of skewsymmetric matrices one for each dimension 
of the Lie algebra q. From (^) we have 



E, = R-'^'j,Af and B, = R-^^^.'^^k^l - kSl) 



(77) 



and, in view of (0), Einstein's equations (|66D and ( |67D reduce to (|59D and the following 
expression for the mass-energy density 



(7J 



where now 



= 3i?-^a^^<l>'^<l>'j,, (79) 
B' = 3R-' {k'a'' - ka'^^^'^^K^, + I^^^V^^'^^k^l^p^q) • (80) 

(Using the relations of Lemma H it can be verified that fiR^ is constant as it should be.) 
The quantities a^^, and L^^ depend only on the Lie algebra q and the homomorphism 
A : su(2) g. Hence, to find all possible isotropic EYM equations one has to find all su(2) 
subalgebras of g (up to inner isomorphism), thus choosing the homomorphism A (see Ref. 
P!B| and then solve the equation (PS]) for the intertwining operator A = (Af)). This can be 
done in a systematic way using a Cartan-Weyl basis of g by the methods given in Ref. [0. 
Here we will only consider those examples that can be dealt with in a more elementary way, 
without involving the theory of Lie algebra root systems. 

We know that all (connected) compact gauge groups can be imbedded as subgroups of 
GL{n,'R) or GL{n,C) (in fact in SO{n)) for some n. Moreover, all finite-dimensional com- 
plex (real) representations of SU{2) are equivalent to unitary (real orthogonal) ones and 
decompose orthogonally into irreducible parts. Thus at least for the unitary and the real 



15 



orthogonal groups we can determine the possible homomorphisms directly from the well 
known representation theory. If, for example, A is a n x n-unitary representation of Kq, 
i.e. \ : a Ua y a E Kq where Ua is a unitary matrix, then A : a t— > {det Ua)~^^"'Ua is 
a homomorphism into SU{n). Moreover, it is easily seen that equivalent representations 
define conjugate homomorphisms and that, in fact, conjugacy classes of homomorphisms of 
Kq into SU{n) are in one-to-one correspondence with equivalence classes of n- dimensional 
unitary representations of Kq. Similarly, any real n-dimensional orthogonal representation 
of Kq immediately defines a homomorphism into SO{n). 

If now Kq = S'f/(2)|T^ then any n-dimensional unitary (or real orthogonal) representation is 
a direct sum of irreducible unitary (real orthogonal) representations, i.e. any homomorphism 
A : SU (2) SU{n) is conjugate to one that maps into block matrices 

A(a) = ••. (81) 

\ dm) 

where each Dk^ is an irreducible /cj- dimensional representation and where ki-\-- ■ --{-kr = n. As 
is well known, the Lie algebra representation corresponding to an n-dimensional irreducible 
representation can be written as follows. If {ri, T2,t^} is the standard basis of su(2) in terms 
of anti-Hermitian matrices and A^ = X{Tk) are the images in su(n) then the latter can be 
represented by the matrices 

{X+)em = \/m{n - m)Si^rn+i, A_ = A^ (82) 

11 + 1 

Ai = -t(A+ + A_), A2 = -i(A+-A_), (Aa)^™ = -2(^— - m)5,^ (83) 

Consider first a homomorphism class from SU{2) to SU{n), that arises from an irreducible 
unitary representation in C". Then the Aj in ( |60D can be chosen as the matrices (p3| ) and 
the system (^) can be explicitly solved (this also follows from more general results of repre- 
sentation theory) for the A, that can now be taken to be {n x n) skew- Hermit ian matrices. 
It follows that 

A, = $A, (84) 
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i.e. the solution space is one-dimensional. In this case the YM-potential is thus determined 
by a single function $(r). For a simple Lie algebra like su(n) the invariant product <, > 
must be a multiple of the Killing form, 

<X,Y> = -CnK{X,Y) (85) 



for some constant c„ > which we will choose to be 1. It follows from (|68|) and (^) that 
7q° = 2 and q;°° = n'^[n^ — l)/6 so that the Yang-Mills equations become 

$" - 2{k - $2)$ = (86) 

whence 

dr (87) 



v/c2 - ($2 - ky 

where the constant = A^R^ / {n'^ [n"^ — 1)). Thus $(t) is periodic in the cosmological 
time T and can be expressed in terms of an inverse elliptic integral. It is easily seen that 
the "electric" and "magnetic" contributions to the energy density fi oscillate in the time r. 
These equations (for G = SU{2)) have previously been derived and analyzed by Gal'tsov 
and Volkov 

If the homomorphism class is not induced by an irreducible representation the gauge field 
may be more complicated. However, since the evolution of the geometry of space-time is 
already determined only the evolution of the gauge fields can be affected. Table |l] shows the 
dimensions d of the solution space of (^) for the some homomorphisms A : su(2) —>■ su{n). 
Here 1©2, for example, means that A is obtained from a representation in that decomposes 
into a (trivial) one-dimensional one and an irreducible two-dimensional one. In these cases, 
according to (|76|), the YM field depends on d independent amplitudes $x(t) that each satisfy 
a second order equation. However, at least for n < 6, the c constraint conditions (jT^) (which 
are not linearly independent in general) simply imply that many of the are proportional 
to each other so that the remaining number rieq of second order equations that must be 
solved is much smaller. 
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To give one example, for an S'f/(5)-theory with the homomorphism A corresponding to a 
representation of the type 1 © 1 © 3 we find the Yang-Mills equations 

$" + 2<l'(<l'2 + 3^^ - A;) = (88) 

+ 2^(3$^ + ~k) = (89) 

and 

E"^ = 20R~^ (^$'^ + and = 20/?"^ (<l>^ + - A;) V A^"^^^ . (90) 

The contribution of the electric and the magnetic part to the mass-energy density changes in 
time similarly as in the 'irreducible' case, but the gauge fields now 'rotate' in the Lie algebra 
in more dimensions. 

If the gauge group is SO{n) we can similarly classify the A by considering all n-dimensional 
real orthogonal representations of su(2). These decompose into irreducible blocks of dimen- 
sions 2A; + 1 or Ak for integer k, but not 2A; + 2 (see, e.g. Ref. ||1^). It does not seem to be 
simple to write down formulae for these representations for arbitrary n as in (^) and (|83|) . 
But there exists an algorithm to construct them explicitly. First note that an irreducible 
complex representation of su(2) leaves invariant a bilinear form (3 on C^. For the choice of 
A in (H),(H) we find that (3ke = {—^)''Si,n+i-k which is symmetric for odd n and skew for 
even n. 

Thus if n is odd then A is of real type, i.e. the representation is unitarily equivalent to one 
by real orthogonal matrices. In fact, 

\k = U"\kU where U"U = i<l and = id (91) 

are the generators of the orthogonal representation. The matrices U can be easily computed 
by diagonalizing (3 by congruence. For a A : su(2) so{2k + 1) that corresponds to an 
irreducible representation it now follows easily from the complex case that the solutions of 
([HD| ) are again of the form ( pi]) and the single time dependent amplitude $ satisfies (|5B|). 

For n = 4k the explicit irreducible representations are obtained via the Lie algebra homo- 
morphism 



p : 0[(£,C) ^ g[(2^,R) : v4 = A + zA2 ^ i = ^ M (92) 
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which maps su(^) into so{2i). For i = 2k the image of the matrices generate an irreducible 
4/c-dimensional real orthogonal repesentation of 5u(2). Again, it can be verified explicitly 
that (^) has only the solutions (|8^ and that the only amplitude satisfies (|86|) . 

The remaining equivalence classes of homomorphisms A into so{n) can now be obtained from 
reducible orthogonal representations in the same way as those for su(n). Some examples are 
tabulated in Table ^ The corresponding equations and expressions for E"^ and are very 
similar to dSSl), dSgT), and OT. 



5. Locally rotationally symmetric cosmological models 

Spatially homogeneous cosmological models with Kq = U{1) have been extensively studied 
and are known as locally rotationally symmetric (LRS) models. Our construction of four- 



dimensional isometry groups of LRS models is along the lines with Ref. [T^]- It is known that 
if Kq is compact, then there exists a reductive decomposition of t (i.e. there is a subspace 
m such that t = to + m and [fio,nx] C m and H m = 0). The choice of such a reductive 
decomposition is not unique. As it will be seen shortly, a judicious choice of a reductive 
decomposition, greatly simplifies the EYM equations. It is interesting to note that for all 
Bianchi cosmologies except Bianchi III, there is a reductive decomposition in which m is a 
Lie subalgebra (such a decomposition for Bill would require SU{1, 1) to be solvable which 
contradicts the simplicity of SU{1, 1)). In a suitable basis ei, ■ ■ ■ ,64 such that ei, 62, 63 span 
m and 64 span Iq, 



-14 ~ "-24 



c;^^ = (a = 1,2,3). (93) 



The Ad(ii'o)-invariance of the metric expressed via ( p!4D then restricts the space-metric to 
the form diag(/^, /^cr^) where / and a are functions of t. Given an invariant basis 
on a homogeneous space, one can start from this metric and, after integrating the Killing 
equations, find out which spatially homogeneous space-times admit the action of a four- 



dimensional isotropy group (cf. Table y and Ref. [@). Kramer et al. have classified all 
such space-times with two integers I and k (Bianchi V (BV) does not fall into this category 
and is treated separately). All homogeneous spaces which have the same four- dimensional 
isometry group, belong to group manifolds (Bianchi cosmologies). Such group manifolds 
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correspond to different three-dimensional subgroups of the isometry group which act simply 
transitively on the hypersurfaces of homogeneity. Kramer et al. 's classification (section 11.1) 
is based on the metric 

g = p[2C-\dx^ + dy^) + \a^dz^ - ia^C'^ydx - xdy)dz 
+ ea^C-^{ydx-xdy)\ 
where C := I + l/2k{x^ + y^) (94) 

or, for Bianchi V, 

g = f[e^'{dy^ + dx^) + a^dz% 

These metrics all have (generically) four- dimensional isometry groups. We must now select 
a frame field of Killing vectors in such a way as to let 64 generate the isotropy group and 
the structure constants to satisfy (^). The following choice achieves this. 



ei 



f^xydy - ^(1 + K)d, + V2iyd,, (d,), 



62 = j^Xyd, + j^{l-K)dy + V2ixd,, (dy), 

63 = -2d^, {-xd:, - ydy + d^), 

64 = xdy-ydx, (yd^-xdy), 



(95) 



where K := (A;/2)(x^ — y"^) and the entries of the right column are the Killing vector fields 
of BV. The above Killing vector fields and non- vanishing structure constants 



-12 ~ ^5 ^12 



or = = -1 for BV, (96) 



determine the isometry group, embeddings of the isotropy group in the isometry group up 
to conjugacy class, and identify the three-dimensional homogeneous spaces that admit an 
action of a four- dimensional isometry group. Here S is simply connected. It is known 
that the number of degrees of freedom in mini-superspace models depends on the choice of 
topology |19|. 



Our aim is to construct the invariant SU{n)-YM connections for homogeneous spaces listed 
in the above table. In doing so, we have to find all the conjugacy classes of homomorphisms 
A : f/(l) ^ SU{n). 
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Such conjugacy classes of homomorphisms are well understood for spherically symmetric 
solutions of the EYM equations (cf. Ref. [0). These classes of homomorphisms are basically 
of the same form as (|8T|). However, since the irreducible representations of U{1) are one- 
dimensional, Dk have only one entry. Therefore if U{1) = {z E C : \z\ = 1}, then 

n 

A : z I— *• diag{z^^, ■ ■ ■ , z^") C^^ji = 0, ji = an integer) (97) 

i=l 

is clearly a homomorphism of U{1) into SU{n). The set of integers jp {p = 1, ■ ■ ■ , n) such that 
jp > iq for p < g, yields all conjugacy classes of homomorphisms A : U{1) — > ^[/(n). Denoting 
V := (i/2)diag(ji, ■ ■ ■ , j„) we have 

A[e4,e,] = [A(e4),Ai] = [I^,Ai] ^ 4A, = [^^,A,] (98) 

in which Aj are traceless antihermitian matrices as in section ^. These equations and (P3|) 
give 

A2 = -[V,Ai], Ai = [P,A2], [D,A3] = 0, (99) 

which in turn yield 

(AOp,[4-(jp-j,)2] = 0, / = (1,2). (100) 

The solution to the above equations is 

Ai = V2(A+-A_), A2 = -1/2(A+ + A_), A+ = -(A_)^ (101) 

where jp > jq for p < q and therefore A+(A_) is a strictly upper (lower) triangular matrix. 
Moreover, (A_|_)pg 7^ only if jp = jq + 2. The general solution of the above equations is 
in the root space corresponding to I' C (the Cartan subalgebra of su(n)) and in principle 
could be obtained for any compact group. However, such a general treatment is out of the 
scope of the present paper (cf. Ref. O). Some interesting special cases to consider are the 
following: 

(a) jp = 0, V p G {1, ■ ■ ■ (trivial homomorphism) requires Ai = A2 = and A3 is 
completely undetermined. 
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(b) If |jp — jql 7^ 2 V p, g G {1, . . . , n} then Ai = A2 = and A3 is a diagonal traceless 
anti-Hermitian matrix. In this case the gauge group reduces to its maximal torus (i.e. 
f/(l) ® ■ ■ • ® f/(l) C SU{n)). 

(c) If jp = jp+^ + 2, V p G {1, ■ • • , n - 1} ^ P = (V2)diag(n - 1, n - 3, ■ ■ ■ , -n + 1). 
Then ( ^9]) and ( |100| ) respectively imply that A3 is an anti-hermitian traceless diagonal 
matrix and (A+)p_p+i = —{A^)p+i^p are the only non-vanishing entries of A-t. 

In (b) the EYM equations for SU (2)-YM fields reduce to that of axially symmetric electro- 
magnetic fields and one can show that (a) and (b) are gauge equivalent [Q. We consider 
(c) the simplest non-Abelian YM field in which the entries of T> correspond to the mag- 
netic quantum numbers in the n-dimensional unitary representation of SU(2). Up to a 
gauge transformation, this representation yields the only possible non-abelian connection 
for SU{2)-YM fields. Therefore we derive the EYM equations for this particular example 
starting with 



{A+)p,p+i = ujpc'^p, p e {I, - ■ ■ ,n- 1} 

A3 = i diag (ai, . . . ,ap - . . . , 



(102) 



The YM constraints (|4^) in terms of these variables are as follows 



ujI% + 2dp(T-2 I ° j = 0. (103) 

Terms in the upper (lower) part of the braces refer to the 'general' (BV) case. The YM 
dynamical equations (^3|) consist of 



+ if-'f + cy-'a)up + f-'ujp I a-^al + \Wp - p^l -{ [> | = 0, 




7p + {2upu-^ + /"V + a-^a)% + 2(/a)-2ap | ^ j = 0' (104) 
«P + (/"V - (y-^cr)ap + f-^apuol - lia^f-^ [Wp + p{n - p)k] 



1 
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and Einstein equations (^^-^Tj) are, respectively, 

f + 2f-'P + fa-'& + f-^ 
a + 3f-'fa-f-\ka-fa') 
with the only non-trivial momentum constraint given by 







-3a- 


2 


k-h 




-2(T-2 


: 






1 



Here we have used the abbreviations 



2ap - ftp-i - ttp+i. 







2P7p - iyp_i - lyp+i 



4A; 




and 



Ti -.= 71 

T2 : 



^<5p«p + ^W^pl^p + (l/3)n(n2 - l)^ 



1 




(105) 



(106) 



(107) 



(108) 



and it is understood that all subscripted quantities are zero when the index is outside the 
range {1, . . . , n — 1}. 

At this point, we do not intend to give a complete analysis of the above system of differential 
equations. However, a few points are in order. For the general case, if cUp 7^ Vp, 7p = and 



the first equation in ( p.05| ), the Hamiltonian constraint, is the only constraint of the system. 
The dynamical evolution is expected to preserve the constraint H = 0. Indeed, as a check 



23 



on the consistency of the above equations, one can show, for example for G = SU(2), that 
H = —{Qf/f + 2a/a)H. One observes that there are 2{n — 1) degrees of freedom associated 
with YM fields. Such an explicit integration is very complicated for the Bianchi V case, but 
as mentioned at the end of section ^ we would expect the constraints to be conserved in view 
of the general consistency of the Cauchy problem. 

The above system is the set of SU{n)-EYM equations for the particular homomorphism 
from U{1) to SU{n) chosen above for all spatially homogeneous cosmologies with isotropy 
group U{1). These equations are mildly gauge dependent {Aq was set to 0). Nevertheless, 
the gauge-invariant quantities like the various components of the energy-momentum tensor, 
are easily expressible in terms of ctp, jp, and Up. We plan to pursue a more detailed analysis 
of these equations for SU (2)-YM fields. 
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Table 1: This table gives for different homomorphisms A : su(2) — > su(n) the number d of dimensions 
of the solution space of (|60|), the number c of nonzero constraint conditions ( [75| ) and the number rtcq of 
independent amplitudes that satify second order equations in time. (Trivial homomorphisms and those 
arising from irreducible representations are not included.) 
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Table 2: Values d, c and rieq for the equivalence classes of homomorphisms A : su(2) — > so(n) for small 
n. Trivial homomorphisms and those arising from irreducible representations are not included. The ques- 
tion marks indicate cases where the constraint equations do not simply imply that some amplitudes are 
proportional to others. 
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Table 3: The three-homogeneous cosmologies with a four-dimensional isometry group. WH refers to 
Weyl-Heisenberg group. 
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